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Abstract 
Let A be a topological ring. If S is a multiplicatively closed subset of A, we define a 
natural topology on the localization (or ring of fractions) A, of A with respect to S. The 
ring A, endowed with this topology is said to be the topological localization of A with 
respect to S, and it is characterized by a universal property. 
Let X be a topological space and let S??(X) be the topological ring of all K-valued 
continuous functions on X (with K = [w or C> endowed with the compact-open topology. If 
U is a cozero-set in X, we obtain that the topological ring Z’(U) coincides with the 
topological localization of 5?_(X) with respect to S = (fe g(X): 0 Gf(U)}. 
Key words: Localization; Compact-open topology 
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0. Introduction 
Let E’(X) be the ring of all K-valued continuous functions on a topological 
space X (with K = iw or K = Cl endowed with the compact-open topology (the 
topology of uniform convergence on compact sets). The aim of this paper is to 
obtain a construction of the topological ring ‘Z(U) in terms of Z?(X), U being an 
open set in X. 
If X is a T,-normal space, the solution of the analogous problem for a closed 
set F in X is simply Tietze’s extension theorem: 
g’(F) = g(X)/I, 
where I is the ideal of all continuous functions on X vanishing on F. 
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Our starting point is the following result of Blair and Hager [21, where U is a 
cozero-set: Each continuous function on U is a quotient of two continuous 
functions on X where the denominator does not vanish at any point of U. That is 
to say, there is a natural isomorphism 
g’(X>,+g(u>? (1) 
‘Z’(X)s = {f/g: f~ $5’(X), g E S} being the localization (or ring of fractions) of 
g(X) with respect to the multiplicatively closed subset S = (fg ‘Z(X): 0 @f(U)). 
After this result, it remains the question of how to obtain the compact-open 
topology of L%‘(U) from the compact-open topology of g(X). We shall give two 
answers to this question, and we shall prove them simultaneously. 
One answer is that the compact-open topology of g:(U) is just the quotient 
topology of the surjective map ‘Z(X) x S + ‘Z(U>, <f, g> *f/g. 
A more elegant answer consists in defining a natural topology on the localiza- 
tion A, of any topological ring A with respect to a multiplicatively closed subset 
S. This topology is characterized by a universal property. Endowing Z(X), with 
this topology, our main result states that (1) is a homeomorphism. 
1. Preliminaries 
Definitions 1.1. By a topological ring we shall mean a commutative ring A 
endowed with a topology such that the ring sum A XA $,A and the ring multipli- 
cation A XA +A are continuous, and A has continuous inverse (the map a H a -’ 
is continuous). If A and B are topological rings, a ring morphism A + B is said to 
be a topological ring morphism if it is continuous. Finally, a topology T on a ring A 
is said to be a ring topology if (A, 7) is a topological ring. 
Properties 1.2. Let A be a ring and let (Ai: i E Z} be a family of topological rings. 
If one has a ring morphism fi : A -Ai for each index i E I, then it is easy to verify 
that the coarsest topology on A such that the morphisms {fj : i E Z) are continuous 
is a ring topology. 
If one has a ring morphism fi : Ai +A for each index i E I, then there exists on 
A the finest topology such that A is a topological ring and the morphisms 
{fi: i E Z) are continuous. This topology is said to be the final ring topology defined 
on A by the morphisms (fi: i E I}. 
Example 1.3. Let K be a compact topological space. Consider the function 
II IIK:@K)+Rdefinedby IIfIIK=max{If(x)l: x~K),f~‘Z(K),where Ihl 
= absolute value of A E [id. It is well known that %7(K) endowed with the initial 
topology of the function II II K is a topological ring (see [S, Theorem 1.4.81). 
Now, let X be a topological space and let 537 = (compact sets in Xl. If we 
consider the family of topological rings {(‘Z(C), II II c)}, ~ Z and the family of 
restriction morphisms (rc : ‘Z(X) + F7(C))c E Z, the compact-open topology in 
5?(X) (which we shall denote by rx) is the coarsest topology on ‘Z(X) such that 
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the morphisms (r,& E Z are continuous. That is to say, rx is the initial topology of 
the functions (qC = I] ]I c 0 rc]cEZ. 
Definitions 1.4 (see [l]). Let A be a commutative ring. A multiplicatiuely closed 
subset of A is a subset S of A such that 1 E S and S is closed under multiplica- 
tion: s, t E S * s . t E S. Define an equivalence relation “ - ” on A x S as follows: 
(a, s) - (b, t) e r.a.t=r.b.s for some rES. 
Let A, denote the quotient set A x S/ - , and let a/s denote the equivalence 
class of (a, s). We impose a ring structure on A, by defining addition and 
multiplication of “fractions” in the usual form. We then have a ring morphism 
h : A +A, defined by h(a) = a/l. 
The ring A, is said to be the localization of A with respect to S and is 
characterized by a universal property: “If f : A + B is a ring morphism such that 
f(s) is invertible in B for all s E S, then there exists a unique ring morphism 
J‘: A, + B such that f=f 0 h”. It is clear that f(a/s) =f(a>. {f(s)}-‘. 
Let X be a topological space. For each open set U in X we denote by ‘Z’(X), 
the localization of 5?(X) with respect to the multiplicatively closed subset S, = (f 
E E?(X): 0 @f(u)}. If for each f E E?(X) we denote by fU the restriction of f to 
U, then fU is invertible in E’(U) for all f~ S,. Hence we have a natural ring 
morphism E’(X), + E?(U), f/g -*f,/g.. In the following lemma, we shall prove 
that this morphism is an isomorphism whenever U is a cozero-set (i.e., there exists 
d E E’(X) such that U = (x EX: d(x) # 0)). The proof of this result will serve as 
preparation for Theorem 3.2. 
Lemma 1.5 (Blair and Hager [2, Proposition 3.11). If U is a cozero-set in X, then the 
natural ring morphism ‘8’(X), + @lJ> is an isomorphism. 
Proof. It is easy to prove that E’(X), + %2’(U) is one-to-one. Now we show that it 
is onto. For each g E ‘Z?(U) we define 
a,(g) =d.min{l, l/lgl} on U, u2(g) =0 on X-U, 
al(g) =g.u2(g) = (sign g) .d.min(l, lgl} on U, 
VI(g) = 0 on X-U, 
where sign g(x) = 1 if g(x) 2 0 and sign g(x) = - 1 if g(x) < 0. It is easy to prove 
that a,(g) E S,, ur(g) E %‘7(X) and ~lk)U/~Z(g)U = g. q 
The following counterexample shows the existence of an open set U in a 
topological space X such that the morphism Z?‘(X)” --) E’(U) is not an isomor- 
phism. 
This counterexample has been suggested by the referee and it is more simple 
that the one initially proposed by the authors. 
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Counterexample 1.6. Let X be the one-point compactification of an uncountable 
discrete space U. 
On the one hand, S, = {invertible functions of G?(X)} because U is not a 
cozero-set in X (any cozero-set of a compact Hausdorff space is a-compact). So 
that the canonical morphism @Xl + g(XIU is an isomorphism. 
On the other hand, the restriction morphism E’(X) + E’(U) is not an isomor- 
phism because it is not surjective: If f~ E’(X), then the restriction of f to U is 
bounded. 
2. Topological localization 
Definition 2.1. Let S be a multiplicatively closed subset of a topological ring A. 
The topological localization of A with respect to S is the ring As endowed with 
the final ring topology TV of the morphism h : A + As, h(a) = a/l (see Properties 
1.21. 
It is clear that, by definition, the topological localization As is characterized by 
the following universal property: “Zf f : A -+ B is a topological ring morphism such 
that f(s) is invertible in B for all s E S, then there exists a unique topological ring 
morphism f : As + B such that f 0 h = f “. 
The following lemma is an immediate consequence of this universal property of 
the topological localization, and we shall not prove it. 
Lemma 2.2. Let S and Z be two multiplicatively closed subsets of a topological ring 
A. Zf S c Z, then the natural morphism As + A, is continuous. Moreover, if 
As + A, is a ring isomorphism, then it is also a homeomolphism. 
Let S be a multiplicatively closed subset of a topological ring A. If we consider 
the canonical map r : A X S + A,, ~(a, s) = a/s, then it is continuous, so that the 
quotient topology rC on A, is always finer than the localization topology TV. 
Furthermore, the morphism h : A -As is also continuous when A, is endowed 
with the quotient topology T,. If (As, 7,) is a topological ring, then rs is finer than 
TV and we may conclude the following: 
Lemma 2.3. Zf (A,, 7,) is a topological ring, then TV = TV. 
Definition 2.4. A multiplicatively closed subset S of a ring A is said to be saturated 
if a . b E S - a E S and b E S. If S is a multiplicatively closed subset of A, then 
there exists a saturated multiplicatively closed subset Z containing S such that 
As +A, is an isomorphism: Z = {a EA: a/l is invertible in A,}. Hence, by 
Lemma 2.2, we may assume that any multiplicatively closed subset is saturated. 
Theorem 2.5. Let S be a saturated multiplicatively closed subset of a topological ring 
A. Zf the canonical map T : A X S -As has a continuous section with respect to the 
quotient topology T, on As, then Tc coincides with the localization topology TV. 
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Proof. We shall prove that (A,, 7,) is a topological ring, so that the theorem will 
follow from Lemma 2.3. Let u : (A,, 7,) +A x S be a continuous map such that 
r 0 u is the identity of A,. From the commutative diagrams 
(AXS)X(AXS)~AXS (AXS)X(AXS)~AXS 
(Txu TX?7 II uxu 77x77 II 
A,XA,AA A,xA,_ A s 
where $(a, s), (b, t>) = (a. t + b .s, s. t> and P((a, s), (b, t)) = (a . b, s. t) are 
continuous maps, one sees that (A,, 7,) has continuous addition and multiplica- 
tion. Moreover, (A,, 7,) has a continuous inverse, because the diagram 
T 
sxs-sxs 
is commutative, where T(s, r) = (r, s> is continuous and (A,)* denotes the set of 
all invertible elements in A,. Notice that a((As)*) is contained in S x S because 
S is assumed to be saturated. 0 
Corollary 2.6. Let S be a saturated multiplicatively closed subset of a topological ring 
A and let r be a topology on A,. If rr : A x S -+ (A,, r) is continuous and has a 
continuous section, then T = 7, = rs. 
Proof. Since r is continuous with respect to 7, we have r G r,. Since r admits a 
continuous section with respect to r, we have rC G r. Hence r = rC and, by 
Theorem 2.5, TV = T$. 0 
3. Localization of continuous functions 
In this section we shall use the notations introduced in Example 1.3 and Lemma 
1.5. 
The proof of the following lemma is easy and we shall not give it. 
Lemma 3.1. For any x, y E K we have: 
(a) Imin(Ix+yl, l)-mirilxl, 111 G lyl; 
(bl Imidl, l/lx+yI)-midl, l/lxl)l G lyl. 
Theorem 3.2. Zf U is a cozero-set in a topological space X, then the topological ring 
(g(U), rv) is the topological localization of (@Y(X), rx) with respect to the multi- 
plicatively closed subset S, = {f E e(X): 0 65 f(U)}. 
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Proof. We may assume that the function d E Z(X) such that U = ix EX: d(x) Z 01 
satisfies 0 =g d(x) G 1 for all x EX. If u = (a,, az) is the map defined in Lemma 
1.5 from d, then the natural morphism V7(X)U + @Y(U) is an isomorphism and u is 
a section of the map rr : 55(X) x S, + %?(X), = E?(U). Since S, is saturated and Z- 
is continuous with respect to the topology rU, by Corollary 2.6, it is enough to 
prove that u is continuous with respect to TV. 
Let g, E SF(U). We shall show that (T is continuous at g,. If K is a compact 
subset of X and 0 < E < 1, then IV= {(f, s) E g(X) X S,: qK(f- ai( < E, 
qK(s - a,(g,)) <E} is a basic neighbourhood of a(g,> in @Y(X) X S,. Given 
0 <E < ~/2, then C = K n {x EX: d(x) a E} is a compact subset of U and V= {g 
E Z?(U): qc(g -go) < F) is a basic neighbourhood of g, in ETW). Let g E I/, so 
that we must prove that a(g) E IV. 
Clearly, CrJg) = d. minll, l/l g I} G d, therefore 0 < q(gXx) < E < ~/2 for all 
XEK-C. Hence 
I~2(g)(x)-~Z(go)(x)I <a ifxEK-C. (i) 
Moreover, for each x E C we have I a,(g)(x) - a,(g,Xx) I < lmidl, 1/I g(x) I}- 
min(1, l/l g,(x) 11 I G I g(x) -g,(x) I < I < E (see Lemma 3.1(b)), then 
4&%(g) -%(ga)) <q&g--cl) <&. (ii) 
From (i) and (ii), we conclude that qK(rz2(g) - a,(g,>> < E. 
Now I al(g) I = d. mint I g I, 1) < d, therefore I aJgXx> I < 2 < .5/2 for all x E 
K - C. Hence 
Iai(s)(x) -ai <E if ~EK-C. (iii) 
Moreover, if x E C and sign(g(x)) = sign(g,(x)), then I a,(g)(x) - aI I < 
Imin( I g(x) I, 1) - mini I g,(x) I, 11 I G I g(x) -g,(x) I < E < E (see Lemma 3.1(a)). 
If x E C and sign(g(x)) f sign(g,(x)), the condition I g(x) -g,(x)1 < 2 implies 
that l g(x) I < E and I g,(x) I < E, therefore I a,(gXx> - a,(g,Xx> I < 
Imin( I g(x) I, 11-t mini I g,(x) I, 11 I G I g(x) I + I g,(x) I < 28 < E. In other words, 
4&(g) -4gd) ~4c(g-g,) <&. (iv> 
From (iii) and (iv), we conclude that q,(a,(g> - aI( <E. This completes the 
proof. 0 
Note 3.3. Lemma 1.5 and Theorem 3.2 may be generalized to the ring of K-valued 
differentiable functions on a Hausdorff a-compact manifold of class %?‘, endowed 
with the topology of uniform convergence on compact sets of the functions and all 
of their derivatives up to order r (1 < r < m). See [3,41. 
Now, we shall use Theorem 3.2 to give a characterization (of categorial type) of 
the compact-open topology 7x in ‘Z’(X). 
Let r be the category of locally compact, a-compact Hausdorff spaces and 
continuous maps (notice that if X is an object of r, then X is a cozero-set in its 
Stone-kech compactification PX). 
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Theorem 3.4. Let us assume that for each X E r we have a ring topology r(X) in 
E?(X) such that: 
(a) The morphism (‘S?(Y), 7(Y)) +(%3X), 4X)), f-f 0 h, is continuous for 
each continuous map h : X + Y. 
(b) T(K) = 7K f or each compact Hausdorff space K. 
Then r(X) = rx for all X E r. 
Proof. Let XE r. For each compact subset C of X, the restriction morphism 
(@XI, 7(X))+ (ExC), T(C)) = (S?(C), T,> . 1s continuous, therefore T~ G T(X). 
Moreover, if S = (g E EQX): 0 P g(X)), then the restriction morphism EQ?X> + 
%7(X) induces a continuous morphism (Z@?X), T@X))~ + (@77(X), T(X)). From 
Theorem 3.2, it follows that (HpX>, T(PX))~ = (E+‘(X), 7x) because X is a 
cozero-set in PX, hence T(X) G T~. 0 
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